
coordinate of rol ler  surface; fi ',change of fl coordinate from material  entrance into deformation region and 
to its outlet; fi§ 2 arctan (x§ entrance coordinate; fl_, outlet coordinate; p, density; X, thermal conduc- 
tivity; Cv, heat capacity; T1, T~., tempera tures  of ro l le r  surfaces; 2Q, material  discharge; V, speed of ro l le r  
surface rotation. 

1�9 
2. 

3. 
4. 
5. 
6. 
7. 

8. 

L I T E R A T U R E  C I T E D  

J. M. McKelvey, Po lymer  Processing,  Wiley, New York (1962). 
A. G. Frederickson, Principles and Application of Rheology, Prent ice  Hall, Englewood Cliffs, New 
Je r sey  (1964). 
M. J. Finston, J. Appl. Mech., 18, No. 12 (1951). 
H. Schlichting, Boundary Layer Theory, McGraw-Hill, New York (1960). 
N. G. Bekin, R. V. Torner ,  V. Yu. Petrushanskii ,  and A. I. Sakhaev, Kauchuk i Rezina, No. 6 (1971). 
N. V. Roze, Inzh.-Fiz. Zh., 17, No. 2 (1970). 
V. V. Litvinov and N. G. Bekin, in: Machines and Technology for Processing Synthetic Rubber and 
Polymers  [in Russian], Par t  I ,  Yaroslavl '  (1974). 
N. A.  Lavrent 'ev and B. V. Shabat, Methods of the Theory of Functions of a Complex Variable [in 
Russian], Nauka, Moscow (1973). 

INFLUENCE OF GRAVITATIONAL CONVECTION ON THE 

PROGRESS OF A HETEROGENEOUS CATALYTIC REACTION 

UNDER ISOTHERMAL CONDITIONS 

K. V. Pribytkova and Eo A. Shtessel' UDC 536.25 

The cri t ical  conditions for origination of natural gravitational convection during the progress  
of a heterogeneous catalytic reaction are considered. The influence of developed convection 
on the reaction progress  under isothermal conditions is analyzed. 

As is known, the macroscopic velocity of a heterogeneous catalytic reaction depends on the relationship 
between the t rue reaction rate constant and the intensity of mass t ransfer  [1]. The intensity of mass t ransfer  
evidently increases  in the presence  of gravitational convection. This can result in the passage from one mode 
of reaction progress  to another. In other  words  [if the reaction were to proceed in the diffusion domain 
without natural convection and the rate of mass  t ransfe r  were limited:] then the reaction rate can set the 
limiting stage for sufficiently strong convection. 

This paper is devoted to a clarification of the role of natural gravitational convection in the progress  of 
a heterogeneous catalytic reaction. However, the solution of this question requires  knowledge of the condi-  
tions for origination of gravitational convection due to the progress  of a heterogeneous catalytic reaction. 

1. C r i t i c a l  C o n d i t i o n s  f o r  O r i g i n a t i o n  o f  C o n v e c t i o n  

Let us consider an infinite plane horizontal layer  filled with fluid or  gas and bounded by solid bound- 
a r i e s  The tempera tures  on the boundaries are identical and do not vary with time. A catalytic reaction of 
the type 

K 
v ia  1 ~ A~ (1) 

proceeds on the upper boundary of the layer, where A1 is the provisional notation for the in i t ia l  material,  A2 
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is  the react ion product ,  vl is  the s to ichiometr ic  factor ,  and K is the react ion ra te  constant at a given t e m -  
pera ture .  

A constant concentra t ion of initial mater ia l  is maintained on the lower boundary. Therefore ,  a binary 
mixture  will henceforth be considered.  In this case,  the density should depend on the concentrat ion of  one of 
the react ion components.  The density of a b inary  mixture  for a gas can be expressed  as follows: 

p =- P o ,  (2) 
1 + a a  

where  

Po-- ~ '~h; ~ - -  
IX2 

If ~ > 0, then a l ighter  product  i s  obtained as a resul t  of the react ion (decomposit ion reaction), while a < 0 
cor responds  to the formation of a heavy product.  Since the concentrat ion a r e f e r s  to the react ion product  
(1), then ~ < 0 in the case under consideration.  Considering a per turba t ion  of the state for which there  is no 
react ion product  (a = 0), the gas density can be represen ted  in a l inear  approximation as 

where  

O=Oo0-- a), (3) 

o) 
Oo \ Oa ] r" 

Since the react ion on the upper boundary is considered,  then convection under i so thermal  conditions can 
originate  only during the p r o g r e s s  of a react ion with the formation of a heavy product  (polymerizat ion type 
reaction). Pe r fec t ly  analogous resul ts  should be obtained in examining a decomposit ion react ion on the lower 
boundary of the layer .  Taking into account that [a  [ < 1 and a < 1, the dependence (2) can be represented  ap- 
p roximate ly  as 

P ~ P0 (1 - -  aa) ; (4) 

then fl = ~. 

In case  a react ion with a liquid phase is examined, the density must  be determined by means of (3), and 
the quantity fi should be found experimentally.  It should be noted that a react ion with a liquid phase will p r o -  
ceed with a change in volume, which involves taking account of the dependence of  the charac te r i s t i c  size of 
the domain on the degree  of conversion. Hence, a react ion in a gas will henceforth be examined. 

The sys tem of equations descr ibing the p r o c e s s  for  origination of convection in a Boussinesq approxi-  
mation [2] and taking account of (4) is 

o; + ;-= _ v p  -+ + g a; 
Ot 9o 

Oa + 7. = D• (5) 
Ot 

div v = 0. 

The boundary conditions are the following: 

z=O;  v = 0 ;  a = O ;  z = h; v = 0 ;  D Oa = K ( 1 - - a ) .  (6) 
Oz 

It should be noted that the assumption that the dependence of the density on the coordinates is negligible 
in the diffusion equations is  just if ied sufficiently only for  small  ~ and for the react ion proceeding in an al- 
mos t  kinetic mode. 

The s ta t ionary equil ibrium conditions of the mixture under considerat ion are  

7-+-1 

where  y = K. h /D;  i is a vec tor  di rected opposite to the vec tor  g ;  A is the concentrat ion gradient,  and a 0 is 
the concentrat ion under equil ibrium conditions. 
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T h e  p a r a m e t e r  T c h a r a c t e r i z e s  the ra t io  between the reac t ion  ra t e  and the diffusion r ~ e  [1], where  
T >> 1 c o r r e s p o n d s  to the reac t ion  p roceed ing  in the diffusion mode.  For  T << 1 the reac t ion  p r o c e e d s  in the 
kinet ic  mode.  It i s  easy  to show that  the p r inc ip le  of monotonici ty  of the pe r tu rba t ions  [3] i s  sa t i s f ied  for  the 
p r o b l e m  under  considerat ion.  Hence,  the conditions for  the or ig inat ion of convect ion a re  de te rmined  f rom the 
boundary -va lue  p r o b l e m  for  the s ta t ionary  pe r tu rba t ion  ampli tudes  (to f i r s t  order)  : 

- -Vp + S c . A v + R a . i -  0; 

with the boundary  conditions 

Sc A (v. i) = 5a; (7) 

divv = 0 

= 0 ;  v = 0 ;  a = 0 ;  ~ = 1 ;  ~ = 0 ;  Oa =--~ ,a .  (8) 
0~ 

The  quanti t ies  h, P0 (v D / h  2 ), v/h a re  se lec ted ,  r e spec t ive ly ,  as the dis tance,  veloci ty,  and p r e s s u r e  
sca les .  The  s y s t e m  of equations (7)-(8) is  pe r f ec t l y  analogous to the equations descr ib ing  the p r o c e s s  for  the 
or iginat ion of t h e r m a l  convection i f  the  concentra t ion  is  r ep laced  by the t e m p e r a t u r e ,  and the p a r a m e t e r  T, 
by the Blot  number  [4]. El iminat ing the  p r e s s u r e  f rom the f i r s t  and th i rd  equations of  the sy s t em (7), we ob-  
ta in  an equation containing only the ve r t i ca l  component  of the veloci ty  vec to r  v~. After  subst i tut ing p a r t i c u l a r  
solutions of  the fo rm 

v~ = w (~) exp i (klx + k~y); a = a (~) exp i (kix + k2y ) 

into these  equations,  we obtain the s y s t e m  of equat ions 

'So - d~ ~ k 2 = R k~a; (9) 

d~a 
Sc Aw = - -  - -  k~a (10) 

d~ 2 

with the conditions on the boundar i e s  

= 0 ;  w - -  dw _ 0 ;  a = 0 ;  (11) 
d~ 

d~ da (12) =I; w = - - = O ;  - -=- -Ta ,  
d~ d~ 

The  kl and k 2 in t he se  e x p r e s s i o n s  a r e  r ea l  wave  number s  cha rac t e r i z ing  the pe r iod ic i ty  of  pe r tu rba t ions  
along the hor izonta l  coordina tes  x a n d  y, k 2 = k] + k~. Let us seek the solution of (9)-(10) by the B u b n o v -  
Galerkin  method [4, 5], It should be  noted that  the use  of th is  method to find the c r i t i ca l  Rayleigh number  
y ie lds  v e r y  high accuracy  when using just  one b a s i s  function in the veloci ty  approximat ion  [4]. T h e  e r r o r  in 
de te rmin ing  the  c r i t i ca l  Rayle igh num ber  fo r  a p lane  hor izonta l  l a y e r  in the case  of  t h e r m a l  convection is  
~0.5%. 

Let  us take  the function 

w(~)__ ~2(1 _~)2. 

as the b a s i s  function sa t is fying the boundary  conditions. Substituting this  express ion  into (10) and integrat ing,  
we find the fo rm of the function a(~)  : 

a = C  x sh k~+C~ ch k ~ ,  Sc 7%2 (1_~)2 T' 2 Sc ? [6k2~ (i---l)+ I2+k  ~] . (13) 
k2(,~ + i) (~,+ I)k ~ 

The  constants  Cl and Ca a re  found f rom the boundary conditions (11) and (12): 
Scy ~ 2 ( 1 2 + k ~ ) [ k s h k + y ( c h k - - l ) ] - - 1 2 k  z 1 

C 1 -- 
( 7+1 )  [ k 6(kchk@Yshk) j; 

C2~__ 2 S c y ( 1 2 + k  2) (14) 

(V + 1) k ~ 

and a(~) into (9), mul t ip lying by  w(~),  and in tegra t ing  with r e spec t  to ~ between 0 and 1, Substituting w (~) 
we obtain the fo rm u l a  for  the c r i t i ca l  n u m b e r  R: 

S = R  V 
~ + 1  B + 1260 k (C1D + C~E) 

(15) 
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H e r e  

A --= k ~ (k ~ ~ 24.k ~ + 504); B = k ~ -  12k 2 ~ 504; 

D=(12+k*)(ch k--l)--6k sh k; E = ( 1 2 §  2) sh k - - 6 k  (ch k+  1). 

Equation (15) yields the cr i t ica l  Rayleigh number  as a function of the wave number  k and the parame-" 
t e r  y.  The dependence R(k) has a minimum at k = k .  for a fixed value of 7. The cr i t ical  Rayleigh number  
R,(T)  cor responds  to this value of k , .  Taking account of the above-mentioned analogy, values of the com-  
plex S ,  = R ,  [y / (T  * 1)] are  obtained for  different T f rom the resul ts  p resen ted  in [4] (Table 3). It can be 
seen that S .  = 1708 for  k ,  = 3.11 as 7 ~ 0% This  agrees  with the value of the cr i t ical  Rayleigh number  for  
thermal  convection in a horizontal  fluid l aye r  bounded by solid surfaces .  Indeed, as T ~ r (diffusion mode of 
react ion progress )  it follows f rom (6) that a 0 = l  (a = 0) as ~ = 1, i .e. ,  the problem goes over  completely into 
the known problem on the rmal  convection. Depending on T, the p a r a m e t e r  S ,  var ies  between 1708 and 1305 
(for 7--~ 0). There fore ,  as 7 diminishes,  the value of R ,  grows and R .  --* ~ as 7 ~ 0. Physical ly ,  this means  
that for  small  T the p roce s s  is l imited by the react ion rate,  and the concentrat ion of the product  on the r eac -  
tion surface tends to zero as 7 --" 0, i .e. ,  no difference in concentrat ion or iginates  due to the origination of 
convection. To ~0.5% accuracy,  the dependence of R ,  on T can be descr ibed by the following approximate 
formula:  

2.  I n f l u e n c e  o f  D e v e l o p e d  

R , =  1305 (77+i) [l-k y0'3097q-3.22 j" 

Convection on the Progress of 
a H e t e r o g e n e o u s  C h e m i c a l  R e a c t i o n  

As above, let us consider  a plane horizontal  l ayer  of a react ing gas with the boundary conditions (6), 

(i6) 

where  R >> R . ,  i .e. ,  intensive mixing occurs  within the l ayer  because of the concentrat ion chemical  convec- 
tion which originates .  

To clar i fy the influence of convection on a heterogeneous reaction,  let us use the method of an equiac- 
cess ible  surface  [1] and let us introduce some mean product  concentrat ion 0 in the volume. A change in the 
concentrat ion 0 can occur  only because  of the difference in the m a s s  flows through the upper and lower su r -  
face s, i .e. ,  

V d O  = (]i__]2) s ' (17) 
dt 

where  Ji = x l  (a+ - 0 ) ;  Jz =v~zO; Jl and J2 are  the m ss flows, respect ively ,  f rom the upper and to the lower 
sur faces ;  V is the volume under considerat ion;  s i ~ the surface;  a + denotes the concentrat ion of the r e a c -  
t ion product  on the react ion surface  (z = h). 

In the quasis ta t ionary approximation, the concentrat ion on the boundary a+ is determined f rom the con- 
dition of equal m a s s  flow and react ion ra te :  

• (a+ -- 0) = K+ (I -- a=). (18) 

In the stationary case J2 = Jl; ~I (a+- 0) =~20. Introducing the effective coefficient of mass transfer 
through a gas layer n0, we can write the following relationship between ;<0, ~,I, ands2: 

1 1 1 

%o MI 7-2 

depends on the convection intensity,  i .e . ,  x0 = >t0(R). Hence, it is easy to obtain the relat ion-  The quantity n0 
ship 

a + - - 0  = x~ a+. 
7. l 

Using (18) we obtain ~0(R) a+  = K+(/  - a+), f rom which 

K§ 

K+ + • (R) 
On the other hand, the macroscopic rate of the heterogeneous reaction is expressed in the well-known form 
[i] 

, ~ _  K+• (R) (i9) 
K§ + • (R) 
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The  influence of convection will  evidently be  m o s t  substant ia l  in the  diffusion range.  

Let  us use  the method elucidated in [6] to de t e rmine  the fo rm of the function u0(R). The  quantity 
(vD/go~) 1/3 can be cons idered  as some c h a r a c t e r i s t i c  d imension  of the domain not enc losed  by  the convection, 
i .e . ,  the quantity (vD/go~) ~/3 i s  p ropor t iona l  to the  magni tude of the diffusion boundary  l aye r  6. 

In o the r  words ,  

h /6  --- CR 1/3. 

The constant  C i s  de t e rmined  eas i ly  f r o m  the following cons idera t ions .  For  R ~- R , ,  h = 5, i .e . ,  C = R~/3 
and 5 = h ( R , / R )  I/3. On the o the r  hand, the diffusion Nussel t  n u m b e r  Nu is  determined~by the express ion  
Nu = u 0 h / D  o r  Nu = h/6.  It  hence follows that  

If i t  i s  t aken  into account that  the diffusion Nusse l t  numbe r  is  one for  a hor izonta l  l aye r ,  we can wr i t e  

, ( 2 o )  

w h e r e  ~ l  = D / h  i s  the coefficient  of  m a s s  t r a n s f e r  for  a diffusion t r a n s f e r  mechan i sm.  Using (20) and in-  
t roducing  the  d imens ion les s  m a c r o s c o p i c  r eac t ion  r a t e  J = W,~t, le t  us r ewr i t e  (19) as 

J = ~'R~/3 (R > R,), (21) 
R~3V + R 1/3 

where in  R ,  i s  defined by (16). Fo r  R -s R . ,  J -~ 7 / (7  + i ). In the case  of a p u r e l y  diffusion m a s s  t r a n s f e r  
m e c h a n i s m ,  i t  i s  n e c e s s a r y  that  T >> 1 (J  ~ 1) in o r d e r  that  the whole p r o c e s s  be  l imi ted  by diffusion. For  
7 << 1, J - *  T. Ordinar i ly ,  the t e m p e r a t u r e  needed to accompl i sh  the appropr i a t e  mode  of reac t ion  p r o g r e s s  
is  se lec ted  f r o m  these  conditions. The  inequal i ty  T >> ( R / R * )  1/3 mus t  be  sa t i s f ied  to accompl i sh  the diffusion 
mode  in the p r e s e n c e  of convection. If  t he  quantity T ~ ~ 10 in the absence  of convect ion can be  cons ide red  suf-  
f icient  fo r  the p r o g r e s s  of  the  reac t ion  in the diffusion range,  then in the p r e s e n c e  of convection 7 b e c o m e s  
equal to the  quantity ( R / R , ) 1 / 3  a l r eady  for  R ~106. Such va lues  of the Rayle igh number  can eas i ly  be  r ea l i z ed  
in t es t s .  Thus ,  fo r  example ,  a l a y e r  of  height ~ 3  cm i s  adequate to r each  the  number  R - 106 fo r  the h e t e r o -  
geneous ca ta ly t ic  r eac t ion  of  d imer iza t ion  of  ethylene.  

N O T  A T  I O N  

p, density;  ~1, ~z, m o l e c u l a r  weight of the ini t ial  subs tance  and weight of  the reac t ion  product ;  a ,  
p roduc t  concentra t ion;  a+, p roduc t  concent ra t ion  on the boundary;  T,  t e m p e r a t u r e ;  fl, coefficient  of volume 
expansion; ~', ve loci ty  vec to r ;  t ,  t ime ;  z, ve r t i c a l  coordinate ;  ~, d imens ion less  ve r t i ca l  coordinate;  h, l a y e r  
height;  g'*, g rav i ta t iona l  acce l e ra t ion  vec to r ;  v, coefficient  of k inemat ic  v i scos i ty ;  p, p r e s s u r e ;  D, coefficient  
of  diffusion; Sc, Schmidt number ;  R = (g~/vD) h 3, diffusion Rayleigh number ;  k l ,  k2, wave  number s  along the 
hor izonta l  axes;  • ~2, coeff ic ients  o f m a s s  t r a n s f e r  f rom the boundary  to the volume and f rom the volume to 
the sur rounding  medium.  
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